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(Intercept) 1520000
h(1200-gla) -600
h(gla-1200) 1000
h(gla-2000) -250
h(gla-2800) -650

IMARS is a registered trademark of Minitab, LLC. It is used in this Journal as the name of the statistical method
introduced by Friedman (1991), and the software referred to is the R package earth, whose notation this Journal
follows: hinges are written h(z —t) and h(t — x) and models are shown as earth prints them. Salford’s MARS writes
the same functions as numbered basis functions, BF1 = max(0, X — t) and so on, and differs from earth in such
details of notation, not in the method.
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t—x x<t,
0 x >t.

h(z —t) = max(0, x —t) = { h(t —x) = max(0, t —x) = {
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reflected (left) hinge h(1200 — x) right hinge h(x —1200)
 knot t=1,200 .  knot £=1,200
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£ 600 + -
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e 400 A g

o

g 200 A zero at the knot g zero up to
f>‘5 and beyond it the knot

T T T - T T T T T T - T T T
500 750 1000 1250 1500 1750 2000 500 750 1000 1250 1500 1750 2000
X X

Figure 1: & FISEECH MBHIAE BEOIT ¢ = 1,200 © 28T (ZE) 8088 h(1200 — ) > R ZE AT IE
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A MARS fit is a sum of hinges; the rate in each range is the slope of the sum

--- —600h(1200 — x)

--- 41000 h(x — 1200) el
$3.5M 4 —250h(x — 2000) it
' -650 h(x — 2800) e
= fitted value = intercept + sum 7
$3.0M 7

2,800 sf: $2.92M

$2.5M

2,000 sf: $2.32M
$2.0M

value contribution, incl. base value

1,200 sf: $1.52M

$1.28M at 800 sf
$1.0M

$1000/sf
1000

$750/sf

$600/sf

500 o
$100/sf

rate ($/sf)

—500

—600: the coefficient on the reflected hinge, not the rate
T

T T T T
1000 1500 2000 2500 3000 3500
living area (sf)

Model (v = value contribution, gla = living area in sf):
v = 1,520,000 - 600-h(1200-gla) + 1000-h(gla-1200) - 250-h(gla-2000) - 650-h(gla-2800)
as earth prints it:
(Intercept) 1520000 h(1200-gla) -600 h(gla-1200) 1000 h(gla-2000) -250 h(gla-2860) -650
Rate on a segment = (coefficients of the active right hinges) - (coefficients of the active reflected hinges):
800-1200 sf: -(-600) $600/sf only the reflected hinge at 1200 is active
1200-2000 sf: 1000 $1000/sf
2000-2800 sf: 1000 - 250 $750/sf
2800-3500 sf: 1000 - 250 - 650 $100/sf all three right hinges active

Figure 2: G| op oY DU SR et ~ HARR > LKA T R B BELAE © SCSRESot h(1200 — gla) IR
# —600 B4R > DL sk A AR AR 5 1,200 SFJ5 R LU A +600 -
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Two rates, one adjustment, and the pair's secant rate

$3.2M 7 0 MARS fitted value: 600 / 1000 / 750 / 100 $/sf by range

- the pair's secant rate: $833.33/sf
$3.0M { B comparable, 1,800 sf: $2,120,000
subject, 2,400 sf: $2,620,000

$2.8M

$2.5M

$2.2M

$2.0M

$1.8M o

value contribution, incl. base value

adjustment = v(subject) - v(comparable) = $500,000,
explained range by range by the rates:

1,800-2,000: 200 sf x $1,000 = $200,000
2,000-2,400: 400 sf x $750 = $300,000

total $500,000; the chord is $833.33/sf, neither rate

$1.5M o

T T T T T
1000 1500 2000 2500 3000 3500
living area (sf)

Model (v = value contribution, gla = living area in sf):

v = 1,520,000 - 600-h(1200-gla) + 1000-h(gla-1200) - 250-h(gla-2000) - 650-h(gla-2800)
as earth prints it:

(Intercept) 1520000 h(1200-gla) -600 h(gla-1200) 1000 h(gla-2000) -250 h(gla-2860) -650
Adjustment from the comparable (1,800 sf) to the subject (2,400 sf) = v(2,400) - v(1,800) = $500,000;
explained range by range by the rates:

1800-2000 sf: 200 sf x $1000/sf = $200,000
2000-2400 sf: 400 sf x $750/sf = $300,000
total = $500,000 secant rate for the pair: 500,000 / 600 = $833.33/sf

Figure 3: L) 1,800 P75 S R AT L fE 5 2,400 175 3¢ REOAZ I BDEEAT e & IR U BUE » %
B (MRIEERER ZEH) 7 $500,000 - [ HA7 2 5 Al 424 o 6] 2 — M RR L B 5 S R B Y 5%
(%) $833 P J5 ) BN Ry B RIARE: 2R > S5 — ok ELAR SRR A L 36 AR 5 HL A28 P HoAd AL 1Y)
B R — RO BT RIAJE Ry R AR A R
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7 1,200 h(1200 — gla) f& —(—600) = 4600
1,200 & 2,000  h(gla — 1200) 1000

2,000 £ 2,800  h(gla — 1200), h(gla — 2000) 1000 — 250 = 750

B 2,800 Fr A =8 e g 1000 — 250 — 650 = 100
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data = sales,

degree = 1,

linpreds = c("GLA", "LotSize", "BathrmCount", "BedrmCount")
)

BT SR B RS B (B degree = 1 WUILARVEIHMIRBMEB A G HAARES) - AL
earth FIZIE M (LA R BV - JEREA A

SalePrice =
179843
+ 221.4 x GLA
+ 11.8 * LotSize
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h(gla-2800)  -300

30



h(gla-3200)  -150
h(gla-3600) 50
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The coefficient at a knot is a step; the rate on a segment is the running total

$2.2M - == fitted vélue

$200/sf
$2.0M ~

$350/sf
$1.8M ~

’
@
=
o)}
=<
1

$400/sf

value contribution, incl. base value

$1.4M A
$1.2M A
$1.0M A
T - T - l - T - T
5tep§—250 5tep§—250 step §+150 stepé-ZOO stepé-lSO
1000 - : : : : :
900 +650
. 650
500 | 550
& 0 | 200
| L] L]
] : : i -150
] -250 : '290 :
—500 A : : :
~1000 - {900 . _
T - T - l - T - T
1000 1500 2000 2500 3000

living area (sf)

== rate on each segment: the running total of the steps
I coefficient printed at the knot (right hinge)
Il coefficient printed at the knot (reflected hinge)

Figure 4:  FEABEIGTHIAE & 800 77 & RAY S Fir 4t 7 Y o 6 BE A2 © —900 A (1200 — gla) +
650 h(gla — 1200) — 250 h(gla — 1600) + 150 h(gla — 2000) — 200 A(gla — 2400) — 150 h(gla — 2800) o
L R AE W BIEERE T A R AETETE KR 800 SPITRRI G E o KR I H 4
Bl o TOTIE Y o &R B E R R B LG B 2B o T ] EY B B LU RS R B R R
B Ak A B R O B AR R (e R — 1k > B S BG A & — BB B i > e R 2) o R — B
L A5 P 56 — B LR A b 7 R B R A SR AR > TSR SR AR B ¢ A E AR B T S R A
Ze A B B
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RS A (CAnfE 1,600 2 2,000 P75 SR H) A4l (R 25T AR & 13 S0l R I - 75 R R i3
T > 4 i AR TR A 2 T B 5 S I A {65 ol 8 vl o b AR T R 3R AR U5 B 5 6 A
By HP R AR (I - DU RE IR IR I S & e R 58 > Sl SRS BRth AR T L -

A high-priced area: the steepest segment is the largest houses

data from 1,500 to 8,000 sf; rates rise with size
$10.0M up to 6,000 sf, then fall away above it

$600/sf
$9.0M ~

$8.0M

$7.0M ~

value contribution, incl. base value

$4.0M - $900/sf

1,600

1,100

1000 A 900 |

rate ($/sf)

600

T T T - T T T
2000 3000 4000 5000 6000 7000 8000
living area (sf)

Figure 5: AR#E 1,500 & 8,000 777 3 R B8 > A S & : —900 (3000 — gla) 4+ 1100 h(gla —
3000) + 500 h(gla — 4500) — 1000 h(gla — 6000) > FESE—{EAS L $5,400,000 AL o FFF- 75 % RAE
FEAEH §900 ~ $1,100 ~ $1,600 K $600 : BRME R BEMIEH] £ 4,500 £ 6,000 FI7 R > MR IER
BRI 5 1 R R R T4 > TR 6,000 P77 3 RA% o BRI (T M 4% o BLRIR
g > METIG TR o

B AREMH

A2 HIE AR R R LUAS [6] 8 b 4% TR 2 A > HL o B TR T 2% SR S O B > il -y
h(gla — 1500) - lot » i 1 FPEIFTA W ARG LIRE - (A —EEREA AR T A ) BB
e At 538 S EA) pR B o TR B o DL R B K LR Y > R R T S A £ i SR A AT e
o
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An intermediate drop: one builder's houses of one size and period

$2.0M 9 gata from 800 to 3,600 sf; 1,800—2,400 sfis a tract
of problem houses from one builder and one period

$1.8M ~ $350/sf

$1.6M ~
$550/sf

$1.4M H
$200/sf

$1.2M +
$1.0M A

$0.8M ~

value contribution, incl. base value

$0.6M -

800 - 750

600 { :
600 . ] 550

rate ($/sf)

400 - 350

200

200 A

T - T - T - T T T
1000 1500 2000 2500 3000 3500
living area (sf)

Figure 6: #R# 800 & 3,600 “F 77 J R A8 » HI—KP BRI © —750 h(1400—gla)+600 h(gla—
1400) — 400 h(gla — 1800) + 350 h(gla — 2400) — 200 h(gla — 3000) > YEF—{EAEEEHL $1,100,000 A
R o TR HER R A $750 ~ $600 ~ $200 ~ $550 K $350 o {HE 1,800 & 2,400 FJ7 Y
RO B — A ) — @ i A el — A B ~ HAFEFE i AR EM R R R (AR ER
) 5 ZIE B ESE R = $200 o WEZEELZ EETE o #EEE N —400 BAAREMR A 1,800 5E
A RZ TR BT A > BB BB (R BB R A I KT N % > i M o R R 0L
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Living area by sale age: the surface the software draws

$2.5M
$2.0M
$1.5M |

$1.0M

anjen aseq "|dul
‘uol3NQuU0d a2n|eA

The living-area variable graph, read at two points

$3.0M

== read at sale age 0 (a recent sale): one rate, $700/sf, no bend
=== read at sale age 3,000 days: $700/sf to 2,000 sf, then $325/sf

s

N

0

=<
1

the bend is the interaction's:
—0.25 x h(3000 — 1500) = —375 per sf

value contribution, incl. base value

T T T T T
1000 1500 2000 2500 3000 3500
living area (sf)

Figure 7:  JE {3 A B85 8 K2 MR BHAEH : 1,000,000 + 700 h(gla — 800) — 150 saleage —
0.25 h(gla—2000) h(saleage — 1500) - B#E#EE & 800 £ 3,500 *F-H IR » HEHERECAEE 3,000
Koo b [ A AR A S bt — S A A S gl T o T I 2 A R A B R 0 IRIE E R 3 1Y
BOR o A BT RE I ¢ BT Y R EORHEA 1,500 RIS > R KT h(saleage — 1500)
W% ZHAEMAEEREM L > HERBER AR $700 B EAR 5 ERAER 3,000 KHEjH
ZaH o PEE R T % 1,500 > E SIS 2,000 P77 9% R > R BEAEHERE 0.25 x 1,500 = 375
TP ISR > R ) B 2y $325 o TR B (SR EmEE > B HIE) 7
R L T YA R — R B4R 5 iR IR B s BAEM > BAETE AR EA R B -
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1. The living-area plot the software draws: the main-effect terms alone

$2.5M A

$2.0M A

0/sf, one rate, no knot
$1.5M A

T T T T T
1000 1500 2000 2500 3000 3500
2. Living area by sale age: the surface, where the bends went

value contribution, incl. base value

3500
3000
2500

2000 &
1500 22

o 1000 O

3. The living-area variable graph read at three sale ages

s28Md read at a new sale: $500/sf throughoutr k
' read at a two-year-old sale: 550 / 750 / 625 / 300 ;
$2.5M 4 === read at a four-year-old sale: 600 / 1,000 / 750 / 100, Figure 2's table

value contribution, incl. base value

T - T T T - T
1000 1500 2000 2500 3000 3500
living area (sf)

Figure 8: 2 P s E T > H AR Ja TR SR 4 PR IR AR ¢ 1,280,000 + 500 A(gla —
800) — 20,000 saleyrs + [ —25 h(1200 — gla) + 125 h(gla — 1200) — 62.5 h(gla — 2000) — 162.5 h(gla —
2800) | x saleyrs » $EFAERR (BiAL © 4F) #IEZ% 0 2 4 o B E ARG PIRE R 5 £ 4 51
Iﬁi@ﬂ@ﬁfﬁiﬁi 2~ $120,000 7RSS AR TR > (HE(EIAL - BLEERREEZH o RESHE

(=) o
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> Hry MERTE v* 5
Am(y*) = f('rsvy*aw) - f(xmy*?w)'

B My, BFRFRAE « 8y IE - FE I ETEES AHRBER =R > ym Am(z) Cn(y) Qm(w) :
Am(z) = Bmo(z) Z2ETE « PR T ZEAFNE « 8 o PHKE ; Cn(y) = Buply) &
HAE y PR T ZIEASGN A v 8y PRISEES 5 T Qm(w) Bl 7R AR 4 b i R 1 1)
B ARE R A B B R TE R T A 80 R HE R EE R R IER S 1 ET R
[ 5 > o —TEHTEE & 0.03 h(gla — 1200) h(lot — 6000) » HE A Ay, (z) = h(gla — 1200) -
Cm(y) = h(lot — 6000) & Qm(w) =1 ° 1% = A% > FREH Ay(ys) 1 Ax(ye) » H y 1
R EIUE ys > TEF LR IUE ye > IRED Ap(y®) 76 v = ys B > DLRAE v = ye J& 5 TEHIH
oo REFEER > y REMMMERE > As(ye) = $240,000 ¥ FERELY) 5,000 - J5 5 R HiBgE
Ay (ys) = $288,000 HII¥HERZAY) 10,000 P75 Je KK HIBE - SR1%

Ap(ys) — Az (ye) = Z Tm [Am(xS) - Am(xC)] [Cm(ys) - Cm(yc)]Qm(w)y

meMz,y

MHZEE f (s, Ys, w) — f(@e, Yo, w) MIBETEESRE v* o BRI RULRIRF B A - Hob— TS v
FCRR A R R R B P R R w5 BEWE A ZIHECE SR BN F IR > S0 IS R i
[l FR) 3 BE 775X o i B R A — R (A B B LA () 77 X R BB AR I > L L D R e o

w B T > S @ WRCEAEIN 2  [A(x,) — A(w.)] [C(u) — C(uo)] 5 # o HHIBBIRCE
T A HRIEWEE C LAMERR > WEMETIEOO - BN A=nhz—t) H C =y WEER
YIM(ws —t) = h(we — )] (ys —ye) s WA A=h(x —t) B C = h(y — s) (BRI EEHHIRE) -
A% v [h(zs — 1) — h(ze — O)] [h(ys — 5) — h(ye — )]

EHL 4 B o A f PRRIRIRER S o~ y T o —EEEANEE » ARE y BIIE 1
(s, " w) F (2, y",w) JEHHFEME > WAE Ap(y*) BEAHEIRS - —EEE v HAEE 2 WIH - [
PREMHEIRS - —EES o HEAEE y WIH > B AL(y") FERRE AR v* o BHILETE As(ys) -
Yt = ys Byt = ye WEATIREES > AVATAR Rt RN o AR (R IR — R f W E (B TR Y
%> HRIR K y* - u

PRI 52 FLAE B ML) 7 TS B TR AT — 3 o — TR A5 R BR8] L 1
BAARAEM > T R AR W ST o B A A 5 W8 TR AR B b il — 2L - (BAE S L £
ERFAAE ST L o A FCMURR AR EAR I BB L o R — AT R ) > R AR T IR R 7T
s Wb S SR TR B o MR E R A% (B SRR > (URAR)
FrsR FE) > MR B S AR B L 3 30 SR 4% > i W A 45 A 0 ZEHE PG 361 DL ) B A A S 7
S A i R e R P ) A B P R R R T L R A B > B
A ZHAERER A AT BUEA N R S R ) AR B O BT LA
AR ERE > FPE AR IR AT 52 BAF AR R B —1T > ) AR 4 B AT b ) 2 TR) 58 AR IR 22
{6 > WERSFEATSS 5 R AT IR — A AR > HAERRE IR T - VN E B > =47
G Ry JEAE IS $240,000 ~ BRI $75,000 » DL AZHISE A SR JE AL IR $120,000 » FHAFZAH
[ () $435,000 o YEFFAEAS FLAE BRI DL T > % 36 0 ) A L 2 o 5 ok 38 100 e i 2 A 2
—HEEE R XN o AR BB B A AL

& R BAE RS

Xl - dE OBl A W E R A T R R R R/
BA1& ° earth prints :

VAR 38 e 5 2 TR Y — JH L Bl
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(Intercept) 900000

h(gla-1200) 600
h(gla-2400) -350
h(gla-1200) *h(1ot-6000) 0.03
lot 15

W2 HOERL 3 it o ARV TR A R EAS R 0 0% 1,200 F1 2,400 0 HAE Mg, H60 & =
I S 8 LA K — B 2 BAE AT - EECH B % h(lot — 6000) = 7E 1,200 2 2,400 H1w A > AL
1,200 B 5 S B R s 0 BROIR BB o T ELBY E ALY 1,200 B ERBETR AR o K % R TH) ) BELAE A
600 + 0.03 h(lot — 6000) : 12y IR ASEBE - $1%F 6,000 ~FI7 R LT AR > B E 2%y 600 ;
B ERE S o AN —F PR > BLAEEIEEIN 3 354> o iR 2,400 B > 2,400 JEAIEREEAERL 0 B
B &% 250 + 0.03 h(lot — 6000) - Hu¥R A< 5 i) BAEFE 6,000 P77 5 R LI E& 15 + 0.03 h(gla — 1200) »
6,000 P75 SR LT 2y 15 > BRI A8 R 0 B OO 70— e B B -

WG ~ R AR A o sZ AR S 800 & 3,500 ~F75 3 RBAERIBE Y BHAHK > 43 BILL 5,000 P77 3%
RHUPRFA 10,000 P75 e R BB A GIETT AT o SRt R AU AE SRR T AR M AORER > B LUy
E MO PR T AR A R R > AL HoAE -

JEfEmRE CPA9R) 5 5,000 SEHBRRY B (A-FJ52eR $) 4 10,000 SR BEE (RP i 2e R S)

800 & 1,200 0 0
1,200 & 2,400 600 720
2,400 & 3,500 250 370

FEB/NTE N BAER T h(5000 — 6000) A% > KIHAE BAE A EAATAT SRR > % £
ANE 2 HAE WS B4 th 48 SRAH TR 5 BB R HEsR 6 v TTEWTIEOS ) MO o ZESR I
WAER 7 A 4,000 » 32 BAEH € A &7 1,200 T B I0 0.03 x 4,000 = 120 5 H.[5]—1{E 455
1,200 [a] Bpfi A R G BETE > B 15 TR B —(ETE ) PRGIRAE L A 3% o

BAFEAOEAT L o 3% T FL A L 5,000 ~F 5 e R > AR SETE RS A 1,800 F 75 S R > i HAE
B % $1,335,000 5 A WAL H# 10,000 R > @EEHMAEL 2,200 FHER > (EEBEEE
$1,770,000 o 7 fif R A 48 2548 By $435,000 o 2 AR U8 T EL W B4 b i A A 4 B AR B4 e A Ve
B PR FEARYE RS Y R AT T RE SR A M DR TR o 4R B 2 T PR 2 W TE B ) 2
B AR IR A B — BN > AR AR R A B R RSP

B EAEZER - BRI STEM > HEEEZER

JeE A T A 400 x 600 = 240,000 400 x 720 = 288,000
i B 195,000 147,000
AaEt 435,000 435,000

MRS R AR R BRI 22 2 > T2 AR I R T S 2 I 5 REHURP) BB B R AE 6,000 Py B
JUBE B4 B« DI 2,200 P77 9 R B Mg 7 $156 DUF > 76 $45 DLk > KIEAE 5,000
F| 10,000 fEELIEEE A 1,000 x 15 + 4,000 x 45 = 195,000 > TiJE 5,000 x 45 ; PLAT i 1,800
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M5B 1Y 22 5 4 $48,000 > EHE 2% AR 0.03 x [2(2200 — 1200) — ~(1800 — 1200)] x
[R(10000 — 6000) — A (5000 — 6000)] = 0.03 x 400 x 4,000 3% $48,000 R} A%HEA} 400 EHHER R
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Feature: gla
Rates by range (data from 800 to 3500; nothing is reported outside it):
800 .. 1200 rate 0.0
1200 .. 2400 rate 720.0
2400 .. 3500 rate 370.0
Fitted value at the knots (intercept and partners included):
1200  1050000.0
2400  1914000.0
Comparable at 1800: contribution 432000.0
Subject at 2200: contribution 720000.0
Adjustment, range by range:
1800 .. 2200 400 at 720.0 = 288000.0
Adjustment added to the comparable: 288000.0
Secant rate for the pair (one straight-line rate): 720.0
Check: segments sum to the adjustment.

i W JH L RR(EL X ARZ D36 Y 10,000 ~F 77 9 ROMIBR T A 2 6 et 35 5 2 DL T e s€ A & 5,000 ¢
7 B R MR TR 2 RE 28 H A T A B RRMELHI 2% $360,000

LR 7 3 A S 8 R AT R A - A B A5 SR 2 $240,000 0 BN IEANZ 5 BT
0 B AR ) — 1B T ) 1 R A R i 0 ) R MR (LR

il S <« AL EAEHIE > MARS BRI B $R (0 20 B BEAE SR - i &1 36—l s 42 1 )
R TR EEBEN - A EAERIE > BT S E o 8 3 KR
T 7 3 T Al A ZE S B R A AR R o THT

i

mars_rates.pl (SEENAUCERIAMSRr) EMEHL Tearth) HYFIENFAE > B LA Prolog LR
AR o Sf e B SR SRR BOE ~ W R R SR (M ) ~ s% i
AR AR AR SN0 Mg idts 5 T[] SR ) AR 75 25 R (L © RS 0 IR (DG 5 A ik o T R /) B B
KB E) » HBR L HIE > RGO %R Sl ) ABOE H7E B &l i S5 K - {3
SRR ACERATIEAN L - PR b L R T 5 PV A4 - LA 800 & 3,500 -5 S R ERE 2 ]

Feature: gla
Rates by range (data from 800 to 3500; nothing is reported outside it):
800 .. 1200 rate 600
1200 .. 2000 rate 1000
2000 .. 2800 rate 750
2800 .. 3500 rate 100
Fitted value at the knots (intercept and partners included):
1200 1520000
2000 2320000
2800 2920000
Comparable at 1800: contribution 600000
Subject at 2400: contribution 1100000
Adjustment, range by range:
1800 .. 2000 200 at 1000 = 200000
2000 .. 2400 400 at 750 = 300000
Adjustment added to the comparable: 500000
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Secant rate for the pair (one straight-line rate): 833.3333333333334
Check: segments sum to the adjustment.

IR PO S R o B E AR S R AETE o AR TR IETE K HoAth T A R EOE
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Addendum: Prolog Formalization

The following machine-readable companion (mars_rates.pl) formalizes this entry in the journal’s Prolog
knowledge base. It is also published as a browsable galley alongside this article.

SPDX-License-Identifier: AGPL-3.0-or-later

Copyright (C) 2026 William Bert Craytor. Published by The Valuation Engineer
Journal (Pacific Vista Net). This program is free software: you can
redistribute it and/or modify it under the terms of the GNU Affero General
Public License as published by the Free Software Foundation, either version 3
of the License, or (at your option) any later version. It is distributed
WITHOUT ANY WARRANTY, without even the implied warranty of MERCHANTABILITY or
FITNESS FOR A PARTICULAR PURPOSE; see the COPYING file beside it or
<https://www.gnu.org/licenses/agpl-3.0.html>.

S5 S ST ST s s oo

/* mars_rates.pl -- mars-rates: from a fitted MARS model to the rates, value
contributions and adjustments an appraiser reports.

A MARS model, as the R package earth prints it, is an intercept plus a sum
of terms, each a coefficient times a product of basis functioms:

h(x - t) a hinge, zero for x below the knot t, rising with slope +1 above
h(t - x) a reflected hinge, zero above t, rising to the LEFT: slope -1 in x
X a linear term

h(x-t)*h(y-s) an interaction, the product of two factors

The appraiser does not report basis functions. The appraiser reports, for a
feature, the RATE the market pays per unit in each range (the slope), the
VALUE CONTRIBUTION of the quantity a property has (the level), and the
ADJUSTMENT: the amount added to a comparable's contribution to make it
equal to the subject's. This program turns the one into the other, and
checks that they agree.

The sign rule that hand-built tables get wrong: in a range, the rate is the
sum of the coefficients of the active right hinges MINUS the sum of the
coefficients of the active reflected hinges (plus any linear term's
coefficient). A negative coefficient on h(5 - x) contributes a POSITIVE
slope below 5.

Representation. A model is
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model (Intercept, Terms)
where each term is term(Coef, Factors) and each factor is

hinge(Var, Knot) h(Var - Knot)
rhinge(Var, Knot) h(Knot - Var)
linear(Var) Var

A point is a list of Var = Value pairs, e.g. [gla = 1800, lot = 6000].
Entry points:
value (+Model, +Point, -Y) the fitted value at a point

contribution(+Model, +Var, +Point, -C) the part of the value that the
terms involving Var contribute

rate(+Model, +Var, +Point, -R) slope in Var at the point (other
variables held at the point)
knots (+Model, +Var, -Knots) the sorted knots on Var

rate_table(+Model, +Var, +Point, -Rows)
rows range(Lo, Hi, Rate), Lo/Hi
numbers or the atoms minus_inf,
plus_inf; other variables fixed
at the point
rate_table(+Model, +Var, +Point, +data(Lo, Hi), -Rows)
the same table clamped to the
data range: the first row starts
at Lo, the last ends at Hi, rows
outside the data are dropped.
Rates outside the data are
extrapolation and are not
reported
knot_values (+Model, +Var, +Point, -Pairs)
Knot-Value at each knot
adjustment (+Model, +Var, +Point, +CompQ, +SubjQ, -A)
amount added to the comparable's
contribution (Var = CompQ) to
equal the subject's (Var = SubjQ)
segments (+Model, +Var, +Point, +CompQ, +SubjQ, -Segs)
the adjustment as the appraiser
explains it: seg(Lo, Hi, Rate,
Width, Amount) per range crossed
pair_rate(+Model, +Var, +Point, +CompQ, +SubjQ, -R)
the pair's secant rate: the one rate a straight line
> would
need between the two quantities:
adjustment over width
consistent (+Model, +Var, +Point, +CompQ, +SubjQ)
the segments sum to the adjustment
parse_earth(+Atom, -Model) read earth's printed coefficient
table (see parse_earth below)
print_report(+Model, +Var, +Point, +CompQ, +SubjQ)

Plain ISO Prolog: runs under Trealla, SWI-Prolog and Scryer Prolog. No
modules, no format/2, no double-quoted strings. Consult this file, then

tests/harness.pl and tests/test_mars_rates.pl, and call run_tests. */
/* */
/* 1. Evaluation */
/* */
point_value(Var, Point, X) :- mr_member(Var = X, Point), !.
point_value(Var, _, _) :- throw(error(missing_variable(Var), point_value/3)).
factor_value(hinge(Var, T), Point, V) :- point_value(Var, Point, X), D is X - T, V is max(0, D).
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factor_value(rhinge(Var, T), Point, V) :- point_value(Var, Point, X), D is T - X, V is max(0, D).
factor_value(linear(Var), Point, V) ;- point_value(Var, Point, V).

term_value (term(Coef, Factors), Point, V) :-
factors_product(Factors, Point, P), V is Coef * P.

factors_product([l, _, 1).
factors_product([F | Fs], Point, P) :- factor_value(F, Point, V), factors_product(Fs, Point, PO), P
«— dis V * PO.

value (model (Intercept, Terms), Point, Y) :-
terms_sum(Terms, Point, S), Y is Intercept + S.

terms_sum([], _, 0).
terms_sum([T | Ts], Point, S) :- term_value(T, Point, V), terms_sum(Ts, Point, SO), S is SO + V.

/* The contribution of a variable at a point: the terms that involve it. The
intercept and the terms in other variables are the level the feature is
measured against; an adjustment never depends on them. */

involves(term(_, Factors), Var) :- mr_member(F, Factors), factor_var(F, Var), !.
factor_var(hinge(V, _), V). factor_var(rhinge(V, _), V). factor_var(linear(V), V).

contribution(model(_, Terms), Var, Point, C) :-
findall(V, ( mr_member(T, Terms), involves(T, Var), term_value(T, Point, V) ), Vs),
mr_sum(Vs, C).

/* */
/* 2. Rates (slopes) */
/* */

/* d/dVar of a term = Coef * (slope of the factor in Var) * (product of the
other factors' values). A hinge is active strictly above its knot, a
reflected hinge strictly below; at the knot itself the slope is taken from

the right, which is the convention of the rate table below. */

factor_slope(hinge(Var, T), Var, Point, S) :- !, point_value(Var, Point, X), ( X > T ->S =1 ; S
— =0).

factor_slope(rhinge(Var, T), Var, Point, S) :- !, point_value(Var, Point, X), ( X < T ->S =-1; S
— =0).

factor_slope(linear(Var), Var, _, 1) =,

factor_slope(_, _, _, 0).

term_slope(term(Coef, Factors), Var, Point, S) :-
term_slope_(Factors, Var, Point, [], Coef, S).

term_slope_([1, _, _, _, _, 0).
term_slope_([F | Fs], Var, Point, Seen, Coef, S) :-
( factor_var(F, Var) —>
factor_slope(F, Var, Point, S1),
mr_append(Seen, Fs, Others), factors_product(Others, Point, P),
S1 is Coef * S1 * P
;S].:O),
term_slope_(Fs, Var, Point, [F | Seen], Coef, SO0),
S is SO + S1.

rate(model(_, Terms), Var, Point, R) :-
findall(S, ( mr_member(T, Terms), term_slope(T, Var, Point, S) ), Ss),
mr_sum(Ss, R).

/* */
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/* 3. Knots, ranges and the rate table */
/* */

knots(model(_, Terms), Var, Knots) :-
findall(K, ( mr_member(term(_, Fs), Terms), mr_member(F, Fs), knot_of(F, Var, K) ), Ks),
sort(Ks, Knots).

knot_of (hinge(Var, K), Var, K).
knot_of (rhinge(Var, K), Var, K).

/* One row per range between consecutive knots, the rate measured at a point
inside the range (the midpoint, or one unit past the last knot). */

rate_table(Model, Var, Point, Rows) :-
knots (Model, Var, Knots),
bounds (Knots, Bounds),
rows (Bounds, Model, Var, Point, Rows).

bounds([], [minus_inf-plus_inf]).

bounds([K | Ks], [minus_inf-K | Rest]) :- bounds_(K, Ks, Rest).
bounds_(K, [], [K-plus_inf]).

bounds_(K, [K2 | Ks], [K-K2 | Rest]) :- bounds_(K2, Ks, Rest).

/* The table over the observed data only. A hinge's algebra runs to infinity
on one side; the sales do not. Rates beyond the smallest and largest
observed quantity are extrapolation, so the report clamps the end rows to
the data range and drops any row that lies wholly outside it. */

rate_table(Model, Var, Point, data(DLo, DHi), Rows) :-
rate_table(Model, Var, Point, RowsO0),
clamp_rows (RowsO, DLo, DHi, Rows).

clamp_rows([1, _, _, [1).

clamp_rows([range(Lo, Hi, R) | Rs], DLo, DHi, Out) :-
clamp_lo(Lo, DLo, Lol), clamp_hi(Hi, DHi, Hil),
( Lol < Hil -> Out = [range(Lol, Hil, R) | Rest] ; Out = Rest ),
clamp_rows(Rs, DLo, DHi, Rest).

clamp_lo(minus_inf, DLo, DLo) :- !.
clamp_lo(Lo, DLo, X) :- ( Lo < DLo -> X
clamp_hi(plus_inf, DHi, DHi) :- !.
clamp_hi(Hi, DHi, X) :- ( Hi > DHi -> X = DHi ; X = Hi ).

Dlo ; X = Lo ).

rows([l, _, _, _, [1).

rows([Lo-Hi | Bs], Model, Var, Point, [range(Lo, Hi, R) | Rows]) :-
probe(Lo, Hi, X), set_point(Var, X, Point, P), rate(Model, Var, P, R),
rows(Bs, Model, Var, Point, Rows).

probe(minus_inf, plus_inf, 0) :- !.
probe(minus_inf, Hi, X) :- !, X is Hi - 1.
probe(Lo, plus_inf, X) :- !, X is Lo + 1.
probe(Lo, Hi, X) :- X is (Lo + Hi) / 2.

set_point(Var, X, Point, [Var = X | Rest]) :- mr_delete_var(Point, Var, Rest).
knot_values (Model, Var, Point, Pairs) :-
knots (Model, Var, Knots),

findall(X-Y, ( mr_member (K, Knots), set_point(Var, K, Point, P), value(Model, P, Y) ), Pairs).

/* */

/* 4. Adjustments and their explanation */
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/* */

adjustment (Model, Var, Point, CompQ, SubjQ, A) :-
set_point(Var, CompQ, Point, PC), set_point(Var, SubjQ, Point, PS),
value (Model, PC, YC), value(Model, PS, YS), A is YS - YC.

/* The path from the comparable's quantity to the subject's, cut at every knot
between them; each piece is a width at a rate. Going down (subject smaller
than comparable) the widths are negative, so the amounts are, and the sum
is still the adjustment as defined: added to the comparable. */

segments(Model, Var, Point, CompQ, SubjQ, Segs) :-
knots (Model, Var, Knots),
Lo is min(CompQ, SubjQ), Hi is max(CompQ, Subjq),
findall(K, ( mr_member (K, Knots), K > Lo, K < Hi ), Inner),
mr_append([Lo | Inner], [Hi], Cuts),
( SubjQ >= CompQ -> Dir = 1 ; Dir = -1 ),
pieces(Cuts, Model, Var, Point, Dir, Segs).

pieces([_1, _, _, _, _, [1) = 1.

pieces([A, B | Cs], Model, Var, Point, Dir, [seg(A, B, R, W, Amt) | Segs]) :-
probe(A, B, X), set_point(Var, X, Point, P), rate(Model, Var, P, R),
W is Dir * (B - A), Amt is R * W,
pieces([B | Cs], Model, Var, Point, Dir, Segs).

/* The pair's secant rate. Between two quantities the only single rate
consistent with the MARS contributions is the chord, adjustment over
width: the model's rates averaged by the width of each range crossed. An
ordinary regression, one rate for the feature, must serve every pair with
one number and so cannot reproduce these. Printed beside the
MARS rates it shows what a single rate would have had to be for THIS
comparable and THIS subject, and how far each range's rate departs from
it. Undefined when the two quantities are equal. */

pair_rate(Model, Var, Point, CompQ, SubjQ, R) :-
CompQ =\= SubjQq,
adjustment (Model, Var, Point, CompQ, SubjQ, A), R is A / (SubjQ - CompQ).

consistent (Model, Var, Point, CompQ, SubjQ) :-
adjustment (Model, Var, Point, CompQ, SubjQ, A4),
segments (Model, Var, Point, CompQ, SubjQ, Segs),
findall (Amt, mr_member(seg(_, _, _, _, Amt), Segs), Amts), mr_sum(Amts, S),
abs(S - A) < 0.000001.

/* */
/* 5. Reading earth's printed coefficients */
/* */

/* earth prints its model as a table, one term per line, e.g.

(Intercept) 10
h(x-2) 3
h(5-x) -1.5
h(x-8) 0.8
h(x-2)*h(y-3) 0.4
X 1.2

parse_earth/2 takes that table as one atom (lines separated by newline
characters) and returns the model. Whitespace is free; a coefficient is a
decimal number with an optional sign; variable names are letters, digits,
dots and underscores, as R prints them. */
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parse_earth(Atom, model(Intercept, Terms)) :-
atom_chars(Atom, Chars), split_lines(Chars, Lines),
parse_lines(Lines, O, Intercept, Terms).

split_lines(Chars, Lines) :- split_lines_(Chars, [], Lines).

split_lines_([], Acc, [Line]l) :- mr_reverse(Acc, Line).

split_lines_(['\n' | Cs], Acc, [Line | Lines]) :- !, mr_reverse(Acc, Line), split_lines_(Cs, [],
— Lines).

split_lines_([C | Cs], Acc, Lines) :- split_lines_(Cs, [C | Acc], Lines).

parse_lines([], I, I, [1).
parse_lines([L | Ls], IO, I, Terms) :-
strip(L, S),
(8 == [] -> parse_lines(Ls, I0, I, Terms)
; split_ws(S, Name, CoefChars), number_chars_safe(CoefChars, Coef),
(Name: [I(l, III’ Inl’ ltl’ Iel’ lrl’ 'C', lel’ lpl, Itl, I)I] _>
parse_lines(Ls, Coef, I, Terms)
; parse_factors(Name, Factors),
Terms = [term(Coef, Factors) | Rest], parse_lines(Ls, IO, I, Rest) ) ).

strip(L, S) :- drop_ws(L, L1), mr_reverse(Ll, R1), drop_ws(R1l, R2), mr_reverse(R2, S).
drop_ws([C | Cs], S) :- ws(C), !, drop_ws(Cs, S).

drop_ws(S, S).

ws('" "), ws(C'\t'). ws('\r").

/* the coefficient is the LAST whitespace-separated token; the name is what
p P
precedes it and may itself contain spaces (earth prints h(x- -3) for a

negative knot) */
split_ws(S, Name, Coef) :-
mr_reverse(S, R), split_ws_(R, [], Coef, NameR), % consuming the reversed line puts the

< coefficient back in order

mr_reverse(NameR, Name0O), strip(NameO, Name).
split_ws_([C | Cs], Acc, Coef, Rest) :- ws(C), !, Coef = Acc, Rest = Cs.
split_ws_([C | Cs], Acc, Coef, Rest) :- split_ws_(Cs, [C | Acc], Coef, Rest).
split_ws_([], Acc, Acc, [1).

number_chars_safe(Chars, N) :-

catch(number_chars(N, Chars), _, fail), !.

number_chars_safe(Chars, N) :- % "-.5" and ".5", which earth can print
( Chars = ['-', '.'" | R] -> number_chars(N, ['-', 'O', '.' | R])
; Chars = ['.' | R] -> number_chars(N, ['0O', '.' | R]) ).

/* factors are separated by '*x' */
parse_factors(Chars, [F | Fs]) :-
split_star(Chars, First, Rest), parse_factor(First, F),

( Rest == [1 -> Fs = [1 ; parse_factors(Rest, Fs) ).
split_star(Chars, First, Rest) :- split_star_(Chars, [], First, Rest).
split_star_(['*' | Cs], Acc, First, Cs) :- !, mr_reverse(Acc, First).
split_star_([C | Cs], Acc, First, Rest) :- split_star_(Cs, [C | Acc], First, Rest).
split_star_([], Acc, First, []) :- mr_reverse(Acc, First).
/* h(x-2) / h(2-x) / x -- inside the parentheses, the side that is a number

is the knot and the other side the variable */
parse_factor(['h', '(' | Cs], F) :- 1!,

mr_reverse(Cs, [')' | RevInner]), mr_reverse(RevInner, Inner),

split_minus(Inner, Left, Right),

( number_chars_safe(Right, K) -> atom_chars(Var, Left), F = hinge(Var, K)

; number_chars_safe(Left, K) -> atom_chars(Var, Right), F = rhinge(Var, K) ).
parse_factor(Cs, linear(Var)) :- atom_chars(Var, Cs).
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/* the minus that separates the two sides is the last one not at position O

and not following an 'e' (so "x-2", "5-x", "gla-1500" and "h(x- -3)" all

read); a leading '-' belongs to a negative knot */
split_minus(Chars, Left, Right) :-

mr_length(Chars, N), N1 is N - 1,

minus_positions(Chars, O, Ps), mr_member(P, Ps), P > 0, P < N1,

mr_take(P, Chars, Left0), strip(LeftO, Left),

P2 is P + 1, mr_drop(P2, Chars, Right0O), strip(RightO, Right),

Left \== [1, Right \== [], !.

minus_positions([]l, _, [1).

minus_positions(['-' | Cs], I, [T | Ps]) :- !, I1 is I + 1, minus_positions(Cs, Il1, Ps).
minus_positions([_ | Cs], I, Ps) :- I1 is I + 1, minus_positions(Cs, I1, Ps).

/* */

/* 6. A report x/

/* */

print_report(Model, Var, Point, CompQ, SubjQ) :-
write('Feature: '), write(Var), nl,
write('Rates by range:'), nl,
rate_table(Model, Var, Point, Rows),
print_report_(Model, Var, Point, CompQ, SubjQ, Rows).

/* The same report over the observed data: print_report/6 takes data(Lo, Hi),
the smallest and largest observed quantity of Var, and reports no rate
outside it. */

print_report(Model, Var, Point, data(DLo, DHi), CompQ, SubjQ) :-
write('Feature: '), write(Var), nl,
write('Rates by range (data from '), write(DLo), write(' to '), write(DHi), write('; nothing is
— reported outside it):'), nl,
rate_table(Model, Var, Point, data(DLo, DHi), Rows),
print_report_(Model, Var, Point, CompQ, SubjQ, Rows).

print_report_(Model, Var, Point, CompQ, SubjQ, Rows) :-

( mr_member(range(Lo, Hi, R), Rows), write(' '), write(Lo), write(' .. '), write(Hi), write('
<~ rate '), write(R), nl, fail ; true ),

write('Fitted value at the knots (intercept and partners included):'), nl,

knot_values(Model, Var, Point, KVs),

( mr_member (K-Y, KVs), write(' '), write(K), write(' "), write(Y), nl, fail ; true ),

set_point(Var, CompQ, Point, PC), set_point(Var, SubjQ, Point, PS),

contribution(Model, Var, PC, CC), contribution(Model, Var, PS, CS),

write('Comparable at '), write(CompQ), write(': contribution '), write(CC), nl,

write('Subject at '), write(SubjQ), write(': contribution '), write(CS), nl,

segments(Model, Var, Point, CompQ, SubjQ, Segs),

write('Adjustment, range by range:'), nl,

( mr_member(seg(A, B, R2, W, Amt), Segs), write(' '), write(A), write(' .. '), write(B), write
— (" "), write(W), write(' at '), write(R2), write(' = '), write(Amt), nl, fail ; true ),

adjustment (Model, Var, Point, CompQ, SubjQ, Adj),

write('Adjustment added to the comparable: '), write(Adj), nl,

( pair_rate(Model, Var, Point, CompQ, SubjQ, OR) ->

write('Secant rate for the pair (one straight-line rate): '), write(OR), nl ; true ),

( consistent(Model, Var, Point, CompQ, SubjQ) -> write('Check: segments sum to the adjustment

<+ .') ; write('CHECK FAILED') ), nl.

/* */
/* 7. List helpers (own names; no library assumed) */
/* */
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mr_member (X, [X | _1).
mr_member(X, [_ | T]) :- mr_member (X, T).

mr_append([], L, L).
mr_append([H | T], L, [H | R]) :- mr_append(T, L, R).

mr_reverse(L, R) :- mr_reverse_(L, [], R).
mr_reverse_([], R, R).
mr_reverse_([H | T], A, R) :- mr_reverse_(T, [H | A]l, R).

mr_sum([], 0).
mr_sum([X | Xs], S) :- mr_sum(Xs, SO), S is SO + X.

mr_length([], 0).
mr_length([_ | T], N) :- mr_length(T, NO), N is NO + 1.

mr_take(0, _, [1) :- !.
mr_take(N, [H | T], [H | R]) :- N1 is N - 1, mr_take(N1, T, R).

mr_drop(0, L, L) :- !.
mr_drop(N, [_ | T], R) :- N1 is N - 1, mr_drop(N1, T, R).

mr_delete_var([1, _, [1).

mr_delete_var([V = _ | T], V, R) :- !, mr_delete_var(T, V, R).
mr_delete _var([H | T], V, [H | R]) :- mr_delete_var(T, V, R).
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